
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



MULTIPLY PERFECT NUMBERS OF THREE DIFFERENT PRIMES* 

By R. D. Carmichael 

The object of the present paper is to complete the investigation of the 
existence of multiply perfect numbers of three different primes, t 

J. Westlund has shown J that the only such numbers of multiplicity 3 of 
the form p^ p<?* p 3 , where p x <Pi <Ps<Pi,Pt,Ps being different primes, are 
2 s -3-5 and 2 6 -3«7. I have shown § that there is none of multiplicity 3 of 
the form p^ p*"* p^**, where P\, p<i, p$ are as before; and also|| that there 
exist no multiply perfect odd numbers containing (only) three different 
primes. 

It is easily shown that the multiplicity of the numbers under considera- 
tion is either 2 or 3. The following proposition completes the investigation 
of the latter case : 

There exist no multiply perfect numbers of multiplicity 3 of the form 
P\* Pz* Pt H+1 > where pi,p if ps are different primes and P\<Pz<Pz and 
a z > 0. 

For this case, we should have, corresponding to equation (3) of a pre- 
vious note (see Annals, I. c. p. 153) , the following equation : 

(1) j^+l + pf* + . . . + p 3 + 1 = ^ +2 ~ X = gr . 3>> 

Ps L 

where the values of r and s are to be considered, and r > and s S 0. Since 
p 3 > 3, it is of one of the forms 6ra ± 1. 

* Presented to the American Mathematical Society, September 8, 1906. 

t It can be shown -without difficulty that there exists no multiply perfect number which 
is the power of a prime ; also, that every multiply perfect number, containing only two different 
primes, is of the form 2»— 1 (2» — 1), where 2» — lis prime; and, moreover, that every such 
number is a perfect number of multiplicity 2. This paper therefore completes the investigation 
for number* of fewer than 4 different primes. 

J Annals of Mathematics, vol. 2, p. 172 j July, 1901. 

§ Annals of Mathematics, vol. 7, p. 158 ; April, 1906. 

|| American Mathematical Monthly, vol. 18, p. 85 ; 1906. 
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Case 1. Let p z = 6n + 1. Equation (1) now becomes 

(2) K ' = 2 r • 3". 

v ' bn 

Therefore, 

(3) (6n, 2fl .+ 1 + • • • + (a, + l)(2a 8 + l)6n + 2(a 3 + 1) = 2' . 3«. 

Now, let a g + 1 = 2 X • 3»* • tf, where t is not divisible by 2 or 3. Every term 
of equation (3), except the last two, is divisible by 2 A + 2 • 3* +1 . Dividing 
through by 2 k + 1 3", we may write (q an integer quotient) 

(4) Gq + t [3n (2 A + X • 3" • t - 1) + 1] = 2'-*- 1 • 3 s -", 

where 2c% + 1 is replaced by its value 2 X + 1 • 3" • t — 1. The left member of 

(4) is not divisible by 3. Hence, a — fi = 0. q is not less than 1 ; for it is 
evidently positive and not zero. Also, 2 A + J • 3" • t — 1 £ 3 and (Si. Hence, 

(5) 2 r - A ~ 1 S9n+7, wSl. 

Since < is odd, the conditions of (4) and (5) can be satisfied only when n is 
odd. In this case 6n + 1 may be written in the form 4m — 1. Substituting 
this value in equation (2) and reducing, we have 

(6) (4m)^+ 2 + . . . + (a, + l)(2a s + l)(4m) 2 - 2(a 3 + 1) 4m 

= 2 r + x • 3«(2m- 1). 

Now, let m = 2* • Z, I an odd factor. Then 2 X + X + S divides every term but the 
last of the first member of (6) with an even quotient, and the last with an odd 
quotient ; hence it is the highest power of 2 in that member. Then we must 
have \+as + 3 = r + l; or, r — \ — 1 = x + 1. Again, since 6n + 1 = 4m — 1, 
9n + 7 = 6m + 4. These values substituted in (5) give 

2*+ 1 S 6m + 4 = 2 X + 1 ■ SI + 4, 

a clearly impossible inequality. Hence, case I yields no numbers of the type 
here considered. 

Case II. Let p a = Cm— 1. Substituting in equation (1), using the 
fraction for first member, we have by reduction 

(7) (6n)2«»+ 2 + -..+ (a 3 + l)(2« 8 + l)(6n) 2 - 2(a 3 + l)6n 

= 2 r + 1 ■ 3» (3n-l). 

Again put a 3 + 1 = 2* • 3 1 * • t ; also let n = 2 X • 3 y • I, where I is not divisible 
by 2 or 3. Here 2 A+Sx+3 • 3"+ 3 2'+ 2 divides every term of the first member of 
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(7) except the last two. Therefore, dividing through by 2*+*+* • 3 |i +«'+ 1 , 
we may write (q being an integer, which is readily shown to be positive and 
>0) 

(8) 2* e + 1 • 3*H-i q + ft[2« . $v+i Z(2* + x . 3*<- 1) - 1] 

_ 2r-\-x-l . £s-n-y-lf2x . 3» + l I _ 1). 

The left member is not divisible by 3 ; neither is the quantity (2* • 3«'+ 1 1 — 1) 
in the second member. Hence, 

s — n — y — 1 = 0. 

If x ^ 0, that is if n is even, we have 6n — 1 = 4m — 1, where m 
= 2 X_1 • 3*'+ 1 . Putting 4m — 1 for 6n — 1 as the value of p s in equation (1) 
we reproduce equation (6). With the present value of m, 2 A+X + 2 divides 
every term except the last of the first member of this equation with an even 
quotient, and the last with an odd quotient ; hence it is the highest power of 
2 in that member. Then we must have X + as+2 = r+l; orr — X — x — 1 
= 0. This condition and s — ft — y — 1 = above found reduces equation 

(8) to the form 

(8') 2 te + 1 • SW+ 1 • q + lt[2 x ■ 3V+ 1 l(2 k + 1 . 3" < - 1) - 1] = 2* • W+ 1 I - 1, 

which is clearly impossible, since q is positive and 2 X+1 • 3" t — 1 = 2a 3 
+ 1 S 3. This absurdity is the result of the supposition that n is even. 

If n is odd, 6ra — 1 may be written in the form Am + 1. Substituting 
this value in equation (1) and reducing, we have 

(9) (4m) 2 «.+ 1 +... + («,+ l)(2a 3 + l)4m + 2(« 3 + 1) = 2' . 3'. 

Here 2 k + 1 divides every term but the last of the first member of (9) with an 
even quotient, and the last with an odd quotient ; hence, it is the highest 
power of 2 in that member. Therefore X + 1 = r. Substituting this value 
in equation (8), remembering that s — (i — y — 1 = 0, and that now x = 0, 
we have 

(8") 2 • d i »+ 1 q + UI&+ 1 I (2* + x • 3" t - 1) - 1] = 8»+ 1 I - 1, 

which is clearly impossible. This case therefore yields no numbers of the 
type under consideration. Hence the proposition as announced above. 
We propose now to prove the following theorem : 
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There exist no multiply perfect even numbers containing {only) three dif- 
ferent primes and having a multiplicity of 2 . 

Let the form be 2"> pp pp. From the definition of multiply perfect 
numbers we readily have (by means of the formula for the sum of the divisors 
of a number) , 

n(Vk o _ 2 " 1+1 ~ 1 P%* + PP' 1 + • • • + p 2 + 1 pp + • • • + p s + 1 
\ ) 2"> ' pp * PP 

Either a. z or a A is odd, as otherwise all the numerators would be odd, which 
is inadmissible, the left member being even. Take a 3 odd. (It is to be 
noticed that in this case no assumption has been made with regard to any 
relations between p. 2 and p s ; and hence to take specifically a $ odd causes no 
loss of generality.) Equation (10) may now be written 

nn 2- 2 ° 1+1 - 1 PF+---+P2+ 1 - (jh± 1) (1 +P\ +PJ + • • • +PS'- 1 ) - 
\ 11 ) 2°i pp ' p%» 

Suppose, first, p 3 + 1 a power of 2, and letp 3 + 1 = 2''. If the last factor 
in the numerator above has an odd number (> 1) of terms, it can always be 
separated into two different odd factors, of the same degree in p 3 and each 
prime to Pz\ thus, in the case supposed, a 3 — 1 = 4«^ 8 an integer; the 
factors are therefore 

(1 +Pt +Pl +P\ + • ■ ■ +i>§0( 1 -Ps +1>1 ~Ps + ■■■ +pt) 

= i +pl+pi+ • •• +p%. 

These two odd factors, being each prime to p s , introduce at least two odd 
primes different from p s , unless they are both powers of the same prime. 
First suppose the latter case. Let r be a prime different from p 3 , and let 

1 + Ps +Pl + ■ ■ • + Ps = r a ; 1 -Ps +Ps -Ps + • ■ ■ +Ps = **, 
where /? < a. Since each quantity is a power of the prime r, their dif- 
ference is divisible by the less. Hence, 

gp,(i + j>; + ^+-- + jf- a ) = an inteeer 

i -p s + pi-pl+ • • ■ + pT 6 

Now 2o 3 is prime to the denominator ; hence the quantity in parenthesis in 
the numerator must be a multiple of the denominator. Call the quantity 
in parenthesis JV and the denominator D. Then 

Pf -Pi*' 1 < D. 
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Also, 

J<rf -,. (Jt-i)^i _,^_j^i i 

Pi J/a 

for p 3 g 3. But 

Jjf*- 1 < i >| X ~ 1 (P. - 1) = 2*1* -Pf- 1 - 

Hence, J¥ < D; therefore iV is not a multiple of D. Hence 1 + p 3 + p\ 
4. . . . 4. pto and 1 — p 3 + p§ — pi + • • • + pf are not powers of the same 
prime. These two factors therefore introduce (at least) two odd primes 
different from p s , which is inadmissible. Hence, only two conclusions are 
now possible, namely: the last factor in the numerator of (11) contains 
only one term, in which case a 3 = 1 ; or, it contains an even number of 
terms. 

Take first the case when there is only one term in the expression. 
That term is unity. For this case equation (10) may be written 

n*\ 2".+ 1 - 1 2» jg. + . ■ . + j>, + 1 

^ ' 2<h ' 2* — 1 ' jp?* 

Now 2°i+ 1 — 1 necessarily contains the factor p$>. It may also contain the 
factor 2* — 1 (which is a prime, p 3 ) , which it does in case p%> + • • ■ + p 2 + 1 
is a power of 2. Hence, 

p a, = 2«,+i _ 1, or = (2"- l)-i(2«> + 1 - 1). 

In the former case, we should also have 

pp+ . .. +p 9 +l = 2«i + 1 -" (2" - I) = 2 a i + 1 - 2 a >+ 1 -". 

The two equations are mutually exclusive. Hence we have left to consider 
the case 

OOi + l-J* _ 1 

pp = (2" - 1)- 1 (2°'+ 1 - 1) = 2 a '+ 1 -* + — 5 — — A 

This case also requires 

pp + . . . 4. jd 2 + 1 = 2"i+ 1 -". 

The last two equations are mutually exclusive. 

We must therefore consider the other case, that in which 1 + J>? + P% 
+ • • • + Pt'~ * contains an even number of terms. The expression is then 
divisible by 1 + pj, which introduces a third prime ; that is, p%. The result 
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of dividing out this factor is 1 + p$ + j>f + • • •• If this were divisible by 
1 + p% a fourth prime would be introduced; for, 1 + p% is prime to p 3 and 
contains only the factor 2 in common with p\ + 1, and is moreover not a 
power of 2. This fourth prime is inadmissible. Hence, 1 + p£ + pf + . . . 
must contain an odd number of terms ; for otherwise it is divisible by 
1 + pj. If this number of terms is greater than 1, the expression may be 
separated into two odd factors, eaoh prime to p 3 , introducing at least one 
other prime. (Compare similar case above.) This is inadmissible ; hence, the 
expression can contain only one term, and this is therefore equal to 1. Hence, 
a s S 3 ; and, therefore, since it is odd and the value 1 has already been ex- 
cluded, a 3 = 3, when p 3 + 1 is a power of 2. 

Substituting in equation (10) the values a^ = 3, p 3 + 1 = 2'% we have 

_ 2°i+ 1 - 1 1 + p 2 + • • • + p? 2*+ 1 (2**- 1 - 2" + 1) 
_ 2^ pf, (2*- l) 3 

Now, if Oj is even, 1 +p%+ • • • + p°* is odd and % = /* ; hence, 

1 +Pi+ ■■■+pp= (2*-l) s , 

and therefore p$>= (2"+ x — 1)(2 2 *-* - 2" + 1). Expanding these two 
equations, we have respectively 

1 +Pi + ■ • ■ +pp = 2 3 " - 3 • 2 2 " + 3 • 2" - 1 ; 

pp = 2 3 * — 2 2 ' 1 + 1 — 2 2 ''- 1 + 2"+ x + 2* — 1. 

By the former of the last two equations n > 1 ; for such values of /* the two 
equations become mutually exclusive. Hence, when p 3 + 1 is a power of 2, a 3 
is odd. 

Now, if jp 2 + 1 is a power of 2, = 2\ then a^ = 3, by the same reasoning 
as above for a 8 . For this case we have from equation (10), 

2«i+ 1 -l 2*+ 1 (2 2 *- 1 - 2 A + 1) 2"+ 1 (2 2 "-' - 2* + 1) 

(13) 2 = — • — — . — — 



3 



2«i (2* - l) 8 (2" - 1) 

By clearing of fractions and reducing it is easily shown that this equation can 
not be satisfied in any case. Hence, p 3 + 1 and^2 + 1 are not both powers 
of 2. 

If we supposed either p 2 + 1 orp 3 + 1 to be not a power of 2, a course 
of reasoning very similar to that by which, in case p 3 + 1 is a power of 2, it 
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was shown above that a s = 3, would bring us to the conclusion that the cor- 
responding a equals 1, provided that that a is odd. 

Suppose now that p 2 + 1 is not a power of 2. Also let p s + 1 = 2" as 
before. Then, a % is odd, as seen above ; and is hence = 1. Substituting now 
in equation (10), we have 

_ 2".+ ! - 1 Pi +1 2*+ 1 (2**- 1 - 2" + 1) 
( } ~ 2«. ' p 2 ' (2" - l) 3 

whence, necessarily, p % = 2 2( * -1 — 2** + 1. Writing this value for^> 2 in equa- 
tion (14) and simplifying, we have 

(15) (2"- 1) 3 = (2*+ a - l)(2 2 "- !! - 2"-! + 1), 

since, by (14), a x = ft + 1. No value of /* satisfies equation (15)- 

We have now examined every possible case in which Ps + 1 is a power 
of 2, and a 3 is odd, and find no numbers of the type in consideration ; simi- 
larly we may completely dispose of the case in which p 2 + 1 is a power of 2 
and a 2 odd ; and that without assuming in this case that a^ is odd. And since 
necessarily a 2 or a 3 is odd, this effectually disposes of every case in which 
either p 2 + 1 or p s + 1 is a power of 2, unless it can happen that one a is 
even while the corresponding p + 1 is a power of 2, a case which is shown 
below to be impossible. Hence, we have left only the case in which neither 
P2+I nor p 6 + 1 is a power of 2. As already seen, Oj or a s must be odd. 
We may, without loss of generality, take a 3 to be odd. Then, as we have 
seen above, Og = 1. Now, suppose a 2 to be even ; say a 2 = 2v. Substituting 
these values in equation (10) we have 

= 2«,+i - 1 pf +j>f-'+ ■ • • +p 2 + 1 p s + 1 
2°' ' pf ' p s 

Since p % + 1 is not a power of 2, it must contain an odd factor. It can con- 
tain no odd prime but^ 2 . Hence, p 3 + 1 = 2 x p», where x > 0, y > 0. Also, 
y < 2v; for, to satisfy the equation above we also require 2"i+ 1 — 1 = some 
power of p%. Also p & —pf + • ■ • + p 2 + 1, for this last member does not 
contain 2. These values for p A + 1 and p s are mutually exclusive. Hence, 
in this case also, a 2 is odd. Hence, as for the case a 2 odd, p % + 1 is not 
a power of 2 ; and, therefore, by previous considerations, a^= 1. (This also 
shows to be impossible the case above supposed ; namely, one a even and the 
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corresponding^? + 1 a power of 2 ; for it is now seen that since one a is ne- 
cessarily odd and its corresponding p + 1 not a power of 2, the other a is odd 
also. Of course a here refers to either a 2 or a 3 , but not to a x .) 

Substituting in equation (10) the values a. 2 = 1, a 3 = 1, above developed, 
we have 

n«\ 2«,+i - 1 j> 2 +l A + l 
(16) 2_— ^ F —-- K - 

Now, in this case, neither p 2 + 1 nor j? g + 1 is a power of 2. Hence, the 
numerator has three odd factors, which may or may not be different. In either 
case these three factors can not be divided out by two odd primes. This case 
therefore yields no numbers of the type in consideration. 

This completes the investigation of the several cases of our last theorem. 
We are now able to state in conclusion the following general proposition, all 
cases having been examined either in this paper or in those already referred 
to:— 

There are but two multiply perfect numbers of three different primes ; 
and these two are 2 3 • 3 • 5 and 2 6 • 3 • 7. The multiplicity of each is 3. 

Haktsklle, Alabama. 



